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1. Ëèíåéíûå îïåðàòîðû: ïðèìåðû è ñâîéñòâà. Êîììóòàòîð.

Îáðàòíûå îïåðàòîðû

1.1. Âû÷èñëèòü îïåðàòîðíûå âûðàæåíèÿ:

(a)
( d

dx
+ x
)2

; (b)
[
x2,

d

dx

]
; (c)

[
x

d

dx
,

1

x

]
.

1.2. Îïåðàòîðû L̂ è M̂ óäîâëåòâîðÿåò óñëîâèþ [M̂, L̂] = 1. Âû÷èñëèòü êîììóòà-
òîðû:

(a) [M̂n, L̂]; (b) [f(M̂), L̂].

Çàìå÷àíèå: f(M̂) = f(0) + f ′(0)M̂ +
f ′′(0)

2!
M̂2 +

f ′′′(0)

3!
M̂3 + . . .

1.3. Âû÷èñëèòü ÿâíûé âèä îïåðàòîðà exp
[
a

d

dx

]
, ãäå a � ïðîèçâîëüíàÿ äåéñòâè-

òåëüíàÿ ïîñòîÿííàÿ.

Äîìàøíåå çàäàíèå 1.

1.4. Âû÷èñëèòü îïåðàòîðíûå âûðàæåíèÿ:

(a)
(1

x

d

dx

)2

; (1.5á ) (b)
[
x2 +

d

dx
,

1

x

]
; (1.5á ) (c)

[ d2

dx2
, cos(2x)

]
; (1.5á )

1.5. Äàíû òðè îïåðàòîðà K̂, L̂ è M̂ . Äîêàçàòü ñëåäóþùèå ñîîòíîøåíèÿ:

(a) [K̂L̂, M̂ ] = K̂[L̂, M̂ ] + [K̂, M̂ ]L̂; (1á )

(b)
[
K̂, [L̂, M̂ ]

]
+
[
L̂, [M̂, K̂]

]
+
[
M̂, [K̂, L̂]

]
= 0 (ñîîòíîøåíèå ßêîáè); (1á )

(c) eM̂ L̂e−M̂ = L̂+ [M̂, L̂] +
1

2!

[
M̂, [M̂, L̂]

]
+

1

3!

[
M̂,
[
M̂, [M̂, L̂]

]]
+ . . . ; (2á )

Çàìå÷àíèå: eK̂ = 1̂ + K̂ +
1

2!
K̂2 +

1

3!
K̂3 + . . .

1.6. Âû÷èñëèòü ÿâíûé âèä îïåðàòîðà exp
[
iaÎ
]
, ãäå a � ïðîèçâîëüíàÿ äåéñòâè-

òåëüíàÿ ïîñòîÿííàÿ, Î � îïåðàòîð îòðàæåíèÿ, Îψ(x) = ψ(−x). (1.5á )
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2. Ýðìèòîâî ñîïðÿæåííûå ëèíåéíûå îïåðàòîðû.

Ýðìèòîâû îïåðàòîðû.

2.1. Äîêàçàòü, ÷òî ïðîèçâîëüíûé îïåðàòîð L̂ ìîæíî ïðåäñòàâèòü â ñëåäóþùåì
âèäå: L̂ = M̂+iN̂ , ãäå M̂ è N̂ � íåêîòîðûå ýðìèòîâû îïåðàòîðû, íàçûâàåìûå
ýðìèòîâîé è àíòèýðìèòîâîé ÷àñòÿìè îïåðàòîðà L̂, ñîîòâåòñòâåííî.

Çàìå÷àíèå: Ïîêàæèòå, ÷òî îïåðàòîðû M̂ = (L̂+ L̂†)/2 è N̂ = i(L̂† − L̂)/2 � ýðìèòîâû.

2.2. Âû÷èñëèòü ýðìèòîâî ñîïðÿæåííûé îïåðàòîð L̂†, ãäå L̂ îïðåäåëåí ñëåäóþùèì
îáðàçîì:

(a) L̂ϕ(x) = ixϕ(x); (b) L̂ϕ(x) =
dϕ(x)

dx
; (c) L̂ϕ(x) =

∞∫
−∞

dyL(x, y)ϕ(y).

2.3. ßäðî L(x, y) îïåðàòîðà L̂ (ñì. 2.2c) ÿâëÿåòñÿ ôóíêöèåé âèäà:

(a) L(x, y) = f(x+ y); (b) L(x, y) = g(x− y); (c) L(x, y) = h(x)l(y).

Êàêèå îãðàíè÷åíèÿ íà ôóíêöèè f(x), g(x), h(x) è l(x) âûòåêàþò èç ýðìèòî-
âîñòè îïåðàòîðà L̂?

Äîìàøíåå çàäàíèå 2.

2.4. Äëÿ ïðîèçâîëüíûõ îïåðàòîðîâ Â è B̂ äîêàçàòü, ÷òî:

(a)
(
Â†
)†

= Â; (1á ) (b)
(
ÂB̂
)†

= B̂†Â†; (1á )

(c) ÂÂ†, Â†Â è [Â, Â†] � ýðìèòîâû îïåðàòîðû; (1á )

(d) åñëè Â � ýðìèòîâ, òî B̂ÂB̂† òàêæå ýðìèòîâ. (1á )

(e) åñëè Â è B̂ � ýðìèòîâû, òî îïåðàòîðû ÂB̂ + B̂Â è i
(
ÂB̂ − B̂Â

)
òàêæå

ýðìèòîâû. (1á )

2.5. Âû÷èñëèòü ýðìèòîâî ñîïðÿæåííûé îïåðàòîð L̂†, ãäå L̂:

(a) L̂ = Î � îïåðàòîð îòðàæåíèÿ, Îψ(x) = ψ(−x); (1á )

(b) L̂ = T̂a � îïåðàòîð ñäâèãà, T̂aψ(x) = ψ(x+ a); (1á )

(c) L̂ =
d2

dx2
; (1.5á ) (d) L̂ =

(
x+

d

dx

)2

. (1.5á )
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3. Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå ÷èñëà îïåðàòîðîâ.

Ñðåäíèå çíà÷åíèÿ.

3.1. Îïðåäåëèòü ñîáñòâåííûå çíà÷åíèÿ è íîðìèðîâàííûå ñîáñòâåííûå ôóíêöèè
(âåêòîðû) îïåðàòîðà L̂:

(a) L̂ =

(
0 i
−i 0

)
; (b) L̂ = x+

d

dx
; (c) L̂ =

d2

dx2
.

Çàìå÷àíèå:

∞∫
−∞

e−x
2
dx =

√
π,

1

2π

∞∫
−∞

eikxdx = δ(k).

3.2. Âû÷èñëèòü ñðåäíèå çíà÷åíèÿ

(a) p̄ � èìïóëüñà; (b) x2 � êâàäðàòà êîîðäèíàòû;

äëÿ âîëíîâîãî ñîñòîÿíèÿ ñèñòåìû, îïèñûâàåìîãî ñîáñòâåííûìè ôóíêöèÿìè

îïåðàòîðà L̂ = x+
d

dx
èç çàäà÷è 3.1b.

Çàìå÷àíèå 1: Îïåðàòîð èìïóëüñà îïðåäåëåí âûðàæåíèåì p̂ = −i~ d

dx
.

Çàìå÷àíèå 2:

∞∫
−∞

e−x
2
dx =

√
π.

Äîìàøíåå çàäàíèå 3.

3.3. Îïðåäåëèòü ñîáñòâåííûå çíà÷åíèÿ è íîðìèðîâàííûå ñîáñòâåííûå ôóíêöèè
(âåêòîðû) îïåðàòîðà L̂:

(a) L̂ =

(
1 i
0 0

)
; (1á ) (b) L̂ = 1 + 2x+

d

dx
; (1á ) (c) L̂ = x

d

dx
+ x2. (1.5á )

Çàìå÷àíèå:

∞∫
0

xae−x
2
dx =

1

2
Γ
[1 + a

2

]
, Re a > −1.

3.4. Ýðìèòîâ îïåðàòîð L̂ óäîâëåòâîðÿåò ñîîòíîøåíèþ L̂2 = λL̂, ãäå λ � âåùå-
ñòâåííîå ÷èñëî. Êàêîâû âîçìîæíûå ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà L̂? (1á )

3.5. Âû÷èñëèòü ñðåäíèå çíà÷åíèÿ (a) x; (1á ) (b) p2; (1á ) (c)
(
x− x̄

)2
(1á )

äëÿ âîëíîâîãî ñîñòîÿíèÿ ñèñòåìû, îïèñûâàåìîãî ñîáñòâåííûìè ôóíêöèÿìè

îïåðàòîðà L̂ = x+
d

dx
èç çàäà÷è 3.1b.

3.6. Ïîêàçàòü, ÷òî ñðåäíèå çíà÷åíèÿ îïåðàòîðîâ M̂M̂ † è M̂ †M̂ (M̂ � íåêîòîðûé
îïåðàòîð) â ïðîèçâîëüíîì âîëíîâîì ñîñòîÿíèè íåîòðèöàòåëüíû. (1á )

3.7. Âû÷èñëèòü ñðåäíèé èìïóëüñ ÷àñòèöû, âîëíîâîå ñîñòîÿíèå êîòîðîé èìååò âèä
ψ(x) = C exp(ip0x/~)φ(x), ãäå φ(x) � âåùåñòâåííàÿ ôóíêöèÿ. (1.5á )
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4. Ýëåìåíòû òåîðèè ïðåäñòàâëåíèé.

Èìïóëüñíîå ïðåäñòàâëåíèå.

4.1. Íîðìèðîâàòü âîëíîâóþ ôóíêöèþ ψ(x) è âû÷èñëèòü åå èìïóëüñíîå ïðåäñòàâ-
ëåíèå:

(a) ψ(x) =

{
0, x < 0, x > x0,

C sin
πnx

x0
, 0 6 x 6 x0;

n � öåëîå ÷èñëî;

(b) ψ(x) = C exp
[ip0x

~
− (x− x0)

2

2a2

]
.

Çàìå÷àíèå 1: Âîëíîâàÿ ôóíêöèÿ â èìïóëüñíîì ïðåäñòàâëåíèè ψ(p) =
1√
2π~

∞∫
−∞

ψ(x)e−ipx/~dx.

Çàìå÷àíèå 2: Èç ôîðìóëû Ýéëåðà: sin kx =
eikx − e−ikx

2i
.

4.2. Îïðåäåëèòü p-ïðåäñòàâëåíèå îïåðàòîðà L̂p, çàäàííîãî â x-ïðåäñòàâëåíèè ñëå-
äóþùèì îáðàçîì:

(a) L̂x =
d

dx
; (b) L̂xϕ(x) =

∞∫
−∞

dyL(x, y)ϕ(y).

Çàìå÷àíèå: Åñëè â êîîðäèíàòíîì ïðåäñòàâëåíèè L̂xψ(x) = φ(x), òî â èìïóëüñíîì ïðåäñòàâëåíèè

L̂pψ(p) = φ(p).

Äîìàøíåå çàäàíèå 4.

4.3. Íîðìèðîâàòü âîëíîâóþ ôóíêöèþ ψ(x) è âû÷èñëèòü åå èìïóëüñíîå ïðåäñòàâ-
ëåíèå:

(a) ψ(x) =

{
0, x < 0, x > π,
C sin3 2x, 0 6 x 6 π;

(2á )

(b) ψ(x) =

{
0, x < 0,
Cx exp

(
iαx− βx

)
, x > 0, α > 0, β > 0.

(2á )

Çàìå÷àíèå: Èç ôîðìóëû Ýéëåðà: cos kx =
eikx + e−ikx

2
.

4.4. Îïðåäåëèòü p-ïðåäñòàâëåíèå îïåðàòîðà L̂p, çàäàííîãî â x-ïðåäñòàâëåíèè ñëå-
äóþùèì îáðàçîì:

(a) L̂x = x; (2.5á ) (b) L̂x =
d2

dx2
; (2á ) (c) L̂xϕ(x) =

∞∫
−∞

dyL(x, y)ϕ(y). (1.5á )
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5. Ìîìåíò èìïóëüñà

5.1. Âû÷èñëèòü êîììóòàòîðû: (a) [L̂x, L̂y]; (b) [L̂x, L̂
2
y], ãäå ~̂L = [~̂r × ~̂p ] �

îïåðàòîð ìîìåíòà èìïóëüñà.

5.2. Ïîêàçàòü, ÷òî ôóíêöèè, ïîëó÷àþùèåñÿ â ðåçóëüòàòå äåéñòâèÿ îïåðàòîðîâ
l̂± = l̂x ± il̂y íà ñîáñòâåííûå ôóíêöèè ψm îïåðàòîðà ïðîåêöèè ìîìåíòà èì-
ïóëüñà íà îñü z: l̂zψm = mψm, òàêæå ÿâëÿþòñÿ ñîáñòâåííûìè ôóíêöèÿìè
îïåðàòîðà l̂z, îòâå÷àþùèå ñîáñòâåííûì çíà÷åíèÿì m ± 1. Çäåñü îïåðàòîðû

áåçðàçìåðíîãî ìîìåíòà èìïóëüñà ~̂l = ~−1~̂L.

5.3. Ïîêàçàòü, ÷òî â ñôåðè÷åñêèõ êîîðäèíàòàõ x = r cosϕ cos θ, y = r sinϕ cos θ,
z = r sin θ, îïåðàòîð ïðîåêöèè ìîìåíòà èìïóëüñà íà îñü z ðàâåí

L̂z =
~
i

∂

∂ϕ
.

Äîìàøíåå çàäàíèå 5.

5.5. Ïîêàçàòü, ÷òî îïåðàòîð êâàäðàòà ìîìåíòà èìïóëüñà ~̂L2 êîììóòèðóåò ñ ëþáîé
åãî ïðîåêöèåé (íàïðèìåð, L̂x). (1á )

5.6. Âû÷èñëèòü êîììóòàòîðû: (a) [L̂y, ~̂r ], (1á ) (b) [L̂x, ~̂p ]; (1á ) (c) [L̂y, ~̂r · ~̂p ]; (1á )

5.7. Ïîêàçàòü, ÷òî â ñîñòîÿíèè ψm ñ îïðåäåëåííîé ïðîåêöèåé ìîìåíòà íà îñü z
(ñì. çàäà÷ó 5.2):

(a) lx = ly = 0; (1á ) (b) l2x = l2y; (1á ) (c) lxly = −lylx = im/2. (1á )

5.8. Èñïîëüçóÿ ðåçóëüòàò çàäà÷è 5.3, âû÷èñëèòü ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåí-
íûå ôóíêöèè îïåðàòîðà L̂z. (1á )

5.9. Â ñîñòîÿíèè ÷àñòèöû, âîëíîâàÿ ôóíêöèÿ êîòîðîãî èìååò óãëîâóþ çàâèñè-
ìîñòü ψ(ϕ) = A cosn ϕ, íàéòè âåðîÿòíîñòü òîãî, ÷òî ïðîåêöèÿ ìîìåíòà èì-
ïóëüñà Lz ðàâíà ~m (m è n � öåëûå ÷èñëà). (2á )

Çàìå÷àíèå: Äëÿ âû÷èñëåíèÿ âåðîÿòíîñòåé íåîáõîäèìî ðàçëîæèòü ψ(ϕ) = A cosn ϕ ïî ñîáñòâåí-

íûì ôóíêöèÿì, êîòîðûå áûëè íàéäåíû â çàäà÷å 5.8. Òîãäà êâàäðàò ìîäóëÿ êîýôôèöèåíòà ïåðåä

ψm â ýòîì ðàçëîæåíèè è áóäåò ïðåäñòàâëÿòü ñîáîé òðåáóåìóþ âåðîÿòíîñòü.

5



6. Îäíîìåðíîå äâèæåíèå.

Áåñêîíå÷íî-ãëóáîêàÿ ïîòåíöèàëüíàÿ ÿìà.

6.1. Äâèæåíèå îäíîìåðíîé ÷àñòèöû ìàññû m îïèñûâàåòñÿ óðàâíåíèåì Øð¼äèí-
ãåðà

i~
∂ψ

∂t
= Ĥψ(x) = − ~2

2m

∂2ψ

∂x2
+ U(x, t)ψ(x, t).

Ðàññìîòðèì ïîòåíöèàë

U(x) =

{
0, 0 6 x 6 a,
∞, x < 0, x > a.

(a) Îïðåäåëèòü âîëíîâûå ôóíêöèè ψ(x, t) = ψ(x)e−iEt/~ ñòàöèîíàðíûõ ñî-
ñòîÿíèé è ñïåêòð ýíåðãèé ÷àñòèöû.

(b) Âû÷èñëèòü âîëíîâóþ ôóíêöèþ ψ(x, t) íåñòàöèîíàðíîãî ñîñòîÿíèÿ ÷àñòè-
öû, åñëè

ψ(x, t = 0) =

{
Ax(x− a), 0 6 x 6 a,

0, x < 0, x > a.

6.2. Îïðåäåëèòü ñðåäíåå çíà÷åíèå êèíåòè÷åñêîé ýíåðãèè â ñîñòîÿíèè, îïèñûâàå-
ìûì ψ(x, t = 0) èç çàäà÷è 6.1b.

Çàìå÷àíèå: Îïåðàòîð êèíåòè÷åñêîé ýíåðãèè T̂ =
p̂2

2m
.

Äîìàøíåå çàäàíèå 6.

6.3. ×àñòèöà ìàññû m äâèæåòñÿ â îäíîìåðíîì ïîòåíöèàëå

U(x) =

{
0, |x| 6 x0,

∞, |x| > x0.

(a) Îïðåäåëèòü âîëíîâûå ôóíêöèè ñòàöèîíàðíûõ ñîñòîÿíèé è ñïåêòð ýíåð-
ãèè ÷àñòèöû. (4á )

(b) Âû÷èñëèòü âîëíîâóþ ôóíêöèþ ψ(x, t) íåñòàöèîíàðíîãî ñîñòîÿíèÿ ÷àñòè-
öû, åñëè

ψ(x, t = 0) =

{
B
(
x2 − x2

0

)2
, |x| 6 x0,

0, |x| > x0.

(4á )

6.4. Îïðåäåëèòü ñðåäíåå çíà÷åíèå êèíåòè÷åñêîé ýíåðãèè â ïðîèçâîëüíûé ìîìåíò
âðåìåíè t â ñîñòîÿíèè, îïèñûâàåìûì ψ(x, t) èç çàäà÷è 6.3b. (2á )

6



7. Ïîòåíöèàëüíàÿ δ-ÿìà.

7.1. Íàéòè âîçìîæíûå çíà÷åíèÿ ýíåðãèè E < 0 è ñîîòâåòñòâóþùèå íîðìèðîâàí-
íûå ñòàöèîíàðíûå âîëíîâûå ôóíêöèè (ñâÿçàííûå ñîñòîÿíèÿ) ÷àñòèöû ìàñ-
ñû m â ïîòåíöèàëå

U(x) =

{
−αδ(x− x0), x > 0, x0 > 0,
∞, x < 0.

Îïðåäåëèòü êðèòè÷åñêîå çíà÷åíèå ãëóáèíû ÿìû αcr, ïðè êîòîðîì E0 = 0, òî
åñòü ÷àñòèöà íå ìîæåò ¾íàõîäèòüñÿ¿ â ÿìå.

Çàìå÷àíèå: Ðåøåíèå óðàâíåíèå Øðåäèíãåðà ìîæåò áûò íàéäåíî íà äâóõ ïîëóîñÿõ, (−∞, x0) è
(x0,∞), òî åñòü òàì, ãäå δ(x− x0) = 0, ïîä÷èíÿþùååñÿ ãðàíè÷íûì óñëîâèÿì

ψ(x0 + 0) = ψ(x0 − 0), ψ′x(x0 + 0)− ψ′x(x0 − 0) = −2mα
~2 ψ(x0).

7.2. Ðåøèòü çàäà÷ó 7.1 â èìïóëüñíîì ïðåäñòàâëåíèè.

Çàìå÷àíèå 1: Â ðàìêàõ çàäà÷è 7.1: ψ(p) =
1√
2π~

∞∫
0

ψ(x)e−ipx/~dx.

Çàìå÷àíèå 2: Ïðè âû÷èñëåíèÿõ ó÷èòûâàòü

∞∫
−∞

e−iαy

1 + y2
dy = πe−|α|.

Äîìàøíåå çàäàíèå 7.

7.3. Íàéòè âîçìîæíûå çíà÷åíèÿ ýíåðãèè E < 0 è ñîîòâåòñòâóþùèå ñòàöèîíàðíûå
âîëíîâûå ôóíêöèè (ñâÿçàííûå ñîñòîÿíèÿ) ÷àñòèöû ìàññû m, íàõîäÿùåéñÿ â
ïîòåíöèàëå

(a) U(x) = −αδ(x), (2á ) (b) U(x) = −αδ(x) +

{
0, x > 0,
U0, x < 0.

(3á )

Çäåñü U0 > 0, α > 0. Îïðåäåëèòü çíà÷åíèÿ ïàðàìåòðîâ, ïðè êîòîðûõ ÷àñòèöà
ìîæåò ¾íàõîäèòüñÿ¿ â ÿìå.

7.4. Â ñòàöèîíàðíîì ñîñòîÿíèè ÷àñòèöû, ñîîòâåòñòâóþùåìó íàèíèçøåìó óðîâíþ
ýíåðãèè E0, â çàäà÷å 7.3a âû÷èñëèòü ñðåäíèå çíà÷åíèÿ
(a) êîîðäèíàòû, (0.5á ) (b) èìïóëüñà, (0.5á ) (c) êâàäðàòà èìïóëüñà,(0.5á )
(d) êèíåòè÷åñêîé ýíåðãèé,(0.5á ) (e) ïîòåíöèàëüíîé ýíåðãèé. (0.5á )

7.5. Ðåøèòü çàäà÷ó 7.3a â èìïóëüñíîì ïðåäñòàâëåíèè. (2.5á )
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8. Ïðîõîæäåíèå ÷àñòèö ÷åðåç ïîòåíöèàëüíûé áàðüåð.

8.1. Îïðåäåëèòü êîýôôèöèåíòû ïðîõîæäåíèÿ T è îòðàæåíèÿ R ïîòîêà ÷àñòèö,
ïàäàþùèõ íà ïîòåíöèàëüíûé áàðüåð

U(x) =

{
U0, x > 0,

0, x < 0,

ïðè ýíåðãèè ÷àñòèö E > U0 > 0. Óïðîñòèòü ïîëó÷åííûå âûðàæåíèÿ â ïðå-
äåëüíûõ ñëó÷àÿõ: E →∞ è E → U0.

Çàìå÷àíèå: Ïîòîê âåðîÿòíîñòè îïðåäåëÿåòñÿ ÷åðåç âîëíîâóþ ôóíêöèþ j(x) =
~
m

Im[ψ∗(x)ψ′(x)].

8.2. Ïîêàçàòü, ÷òî â çàäà÷å 8.1 êîýôôèöèåíòû ïðîõîæäåíèÿ T è îòðàæåíèÿ R íå
çàâèñÿò îò òîãî, ñ êàêîé ñòîðîíû ÷àñòèöû ïàäàþò íà áàðüåð.

Äîìàøíåå çàäàíèå 8.

8.3. Îïðåäåëèòü êîýôôèöèåíò ïðîõîæäåíèÿ T ïîòîêà ÷àñòèö, ïàäàþùèõ íà ïî-
òåíöèàëüíûé áàðüåð

U(x) =

{
U0, 0 6 x 6 x0,

0, x < 0, x > x0,

ãäå U0 > 0. Ðàññìîòðåòü ñëåäóþùèå ñëó÷àè:

(a) U0 > 0 > E; (1.5á ) (b) U0 > E = 0; (1á )

(c) U0 > E > 0; (1.5á ) (d) E = U0; (1á ) (e) E > U0; (1.5á )

Óïðîñòèòü ïîëó÷åííûå âûðàæåíèÿ â ïðåäåëüíûõ ñëó÷àÿõ:

(f) U0 � E > 0; (0.5á ) (g) E � U0. (0.5á )

(h) U0 � ∆E+ = E − U0 > 0; (0.5á ) (i) U0 � ∆E− = U0 − E > 0. (0.5á )

8.4. Ðåøèòü çàäà÷ó 8.3 â ñëó÷àå E > 0 > U0. Óïðîñòèòü ïîëó÷åííûé ðåçóëüòàò â
ïðåäåëüíîì ñëó÷àå |U0| � E > 0. (1.5á )
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9. Ïîòåíöèàëüíûé δ-áàðüåð.

9.1. Îïðåäåëèòü çíà÷åíèÿ ýíåðãèè, ïðè êîòîðûõ ÷àñòèöû íå îòðàæàþòñÿ îò ïî-
òåíöèàëüíîãî áàðüåðà

U(x) = α
[
δ(x) + δ(x− x0)

]
, α > 0.

Äîìàøíåå çàäàíèå 9.

9.3. Îïðåäåëèòü êîýôôèöèåíò ïðîõîæäåíèÿ T ïîòîêà ÷àñòèö, ïàäàþùèõ íà ïî-
òåíöèàëüíûé áàðüåð

(a) U(x) = αδ(x); (3á ) (b) U(x) = αδ(x) +

{
0, x 6 0,

−U0, x > 0;
(4á )

ïðè ýíåðãèè ÷àñòèö E > 0; U0 > 0 è α > 0.

9.4. Âîçìîæíî ëè ïîëíîå ïðîõîæäåíèå ÷åðåç ïîòåíöèàëüíûé áàðüåð

U(x) = α
[
δ(x)− δ(x− x0)

]
, α > 0,

äëÿ ÷àñòèö ñ ýíåðãèåé E > 0? (3á )
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10. Äâèæåíèå â öåíòðàëüíîì ïîëå

Âîëíîâàÿ ôóíêöèÿ ÷àñòèöû ñ ýíåðãèåé E < 0 è ìàññîé µ, äâèãàþùåéñÿ â
öåíòðàëüíîì ïîëå U(r), ñ çàäàííûìè êâàíòîâûìè àçèìóòàëüíûì l è ìàãíèò-
íûì m ÷èñëàìè, ìîæåò áûòü ïðåäñòàâëåíà â âèäå ψ(r, θ, ϕ) = ψ(r)Ylm(θ, ϕ) ñ
ðàäèàëüíîé ÷àñòüþ ψ(r) = g(r)rl exp(−kr), ãäå ôóíêöèÿ g(r) óäîâëåòâîðÿåò
óðàâíåíèþ:

rg′′(r) + 2g′(r)(l − kr + 1)− g(r)
[
2k(l + 1) + ru(r)

]
= 0.

Çäåñü Ylm(θ, ϕ) � ñôåðè÷åñêèå ôóíêöèè, u(r) = 2µU(r)/~2, k =
√

2µ|E|/~.

10.1. Ïîêàçàòü, ÷òî â êóëîíîâñêîì ïîëå, u(r) = −α/r, α > 0, ôóíêöèÿ g(r) �
ïîëèíîì ñòåïåíè nr = 0, 1, 2, . . . . Âû÷èñëèòü óðîâíè ýíåðãèè ÷àñòèöû.

Çàìå÷àíèå: nr è n = nr + l + 1 íàçûâàþòñÿ ðàäèàëüíûì è ãëàâíûì êâàíòîâûìè ÷èñëàìè.

10.2. Äëÿ ýëåêòðîíà ñ ãëàâíûì n = 4 è àçèìóòàëüíûì l = 1 êâàíòîâûìè ÷èñëàìè
â ïîëå ÿäðà He (α = 4µe2/~2, e � çàðÿä ýëåêòðîíà) âû÷èñëèòü ψ(r) è:

(a) ðàäèóñ ýëåêòðîííîãî îáëàêà r;

(b) òîëùèíó ýëåêòðîííîãî îáëàêà ∆r =

√
(r − r2)2.

Çàìå÷àíèå: Ñðåäíèå çíà÷åíèÿ âû÷èñëÿåì êàê rm =
∞∫
0

ψ∗(r)rmψ(r)r2dr. Äëÿ âû÷èñëåíèÿ ýòèõ

èíòåãðàëîâ óäîáíî ïîêàçàòü, ÷òî: Is =
∞∫
0

rs exp(−κr)dr =
s

κ
Is−1 = · · · = s!

κs
I0 =

s!

κs+1
.

Äîìàøíåå çàäàíèå 10.

10.4. Ðåøèòü çàäà÷ó 10.2 äëÿ

(a) n = 3, l = 2, α = 6µe2/~2; (3á ) (b) n = 2, l = 0, α = 8µe2/~2.(3á )

10.5. Íàéòè ðàñïðåäåëåíèå ïî èìïóëüñàì ÷àñòèöû â îñíîâíîì ñîñòîÿíèè â êóëî-
íîâñêîì ïîëå u(r) = −α/r, α > 0. (4á )

Çàìå÷àíèå: Îñíîâíîå ñîñòîÿíèå: nr = l = m = 0.
Ðàñïðåäåëåíèå ïî èìïóëüñàì ðàâíî dw(~p) = |ψ(~p)|2d~p, ãäå ψ(~p) � èìïóëüñíîå ïðåäñòàâëåíèå ψ(~r):

ψ(~p) =
1

(2π~)3/2

∫
ψ(~r) exp(−i~p~r/~)d~r.
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11. Òåîðèÿ âîçìóùåíèé

11.1. Ïîêàçàòü, ÷òî óðîâíè ýíåðãèè En è ñîîòâåòñòâóþùèå âîëíîâûå ôóíêöèè
ψn(x) êâàíòîâîìåõàíè÷åñêîé ñèñòåìû, îïèñûâàåìîé îïåðàòîðîì Ãàìèëüòîíà
Ĥ = Ĥ0 + Ĥ ′, ìîãóò áûòü ïðåäñòàâëåíû â âèäå

En = E(0)
n +E(1)

n +E(2)
n + . . . , ψn(x) = ψ(0)

n (x) +
∑
k

(
c

(1)
nk + c

(2)
nk + . . .

)
ψ

(0)
k (x),

ãäå E
(0)
n è ψ

(0)
n (x) � óðîâíè ýíåðãèè è íîðìèðîâàííûå âîëíîâûå ôóíêöèè

ñèñòåìû ñ íåâîçìóùåííûì ãàìèëüòîíèàíîì: Ĥ0ψ
(0)
n (x) = E

(0)
n ψ

(0)
n (x), à ïåð-

âûå ïîïðàâêè ê óðîâíÿì ýíåðãèè è âîëíîâûì ôóíêöèÿì ìîæíî âû÷èñëèòü
ñëåäóþùèì îáðàçîì:

E
(1)
n = H ′nn, c

(1)
nk =


H ′kn

E
(0)
n − E(0)

k

, k 6= n,

0, k = n.

H ′kn =

∞∫
−∞

ψ
(0)
k

∗
(x)Ĥ ′ψ(0)

n (x)dx.

Ñòàðøèìè ïîïðàâêàìè E
(2)
n , E

(3)
n , . . . è c

(2)
nk , c

(3)
nk , . . . ìîæíî ïðåíåáðå÷ü, åñëè

|H ′kn| � |E(0)
n − E

(0)
k |.

Çàìå÷àíèå: Ïîïðàâêè âòîðîãî ïîðÿäêà îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:

E(2)
n =

∑
m 6=n

|H ′mn|2

E
(0)
n − E(0)

m

, c
(2)
nk =


∑
m6=n

H ′kmH
′
mn(

E
(0)
n − E(0)

k

)(
E

(0)
n − E(0)

m

) − H ′knH
′
nn(

E
(0)
n − E(0)

k

)2 , k 6= n,

−1

2

∑
m6=n

|H ′mn|2(
E

(0)
n − E(0)

m

)2 , k = n.

11.2. ×àñòèöà íàõîäèòñÿ â áåñêîíå÷íî ãëóáîêîé ïîòåíöèàëüíîé ÿìå øèðèíû a, ñì.
çàäà÷ó 6.1. Âîçìóùåííûé ïîòåíöèàë èìååò âèä:

U(x) =

{
U0 cos2 πx

a
, 0 6 x 6 a,

∞, x < 0, x > a;

Ðàññ÷èòàòü â ïåðâûõ äâóõ ïîðÿäêàõ òåîðèè âîçìóùåíèé óðîâíè ýíåðãèè ÷à-
ñòèöû. Ñ÷èòàòü U0 ìàëûì ïàðàìåòðîì. Óêàçàòü óñëîâèÿ ïðèìåíèìîñòè ïî-
ëó÷åííîãî ðåçóëüòàòà.

11



Äîìàøíåå çàäàíèå 11.

11.3. Â óñëîâèÿõ çàäà÷è 11.1, ïîëó÷èòü àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ ïîïðàâîê ê
óðîâíþ ýíåðãèè En: (a) âòîðîé E

(2)
n ; (2á ) (b) òðåòüåé E

(3)
n . (3á )

11.4. ×àñòèöà íàõîäèòñÿ â áåñêîíå÷íî ãëóáîêîé ïîòåíöèàëüíîé ÿìå øèðèíû 3x0.
Âîçìóùåííûé ïîòåíöèàë èìååò âèä:

U(x) =

{
V (x), 0 6 x 6 3x0,
∞, x < 0, x > 3x0;

(a) Â ïåðâîì ïîðÿäêå òåîðèè âîçìóùåíèé ýíåðãåòè÷åñêèå óðîâíè è ñîîòâåò-
ñòâóþùèå âîëíîâûå ôóíêöèè â ïîòåíöèàëå: V (x) = U0|1− x/x0|. (2á )

(b) Ðàññ÷èòàòü â ïåðâûõ òðåõ ïîðÿäêàõ òåîðèè âîçìóùåíèé óðîâíè ýíåðãèè
÷àñòèöû â ïîòåíöèàëå: V (x) = α

[
δ(x− x0)− δ(x− 2x0)

]
. (3á )

Ñ÷èòàòü U0 è α ìàëûìè ïàðàìåòðàìè. Óêàçàòü óñëîâèÿ ïðèìåíèìîñòè ïîëó-
÷åííîãî ðåçóëüòàòà.
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12. Êâàçèêëàññè÷åñêîå ïðèáëèæåíèå

12.1. Ïîêàçàòü, ÷òî â ïðåäåëüíîì ñëó÷àå ~→ 0 ðåøåíèå ñòàöèîíàðíîãî óðàâíåíèÿ
Øðåäèíãåðà ìîæåò áûòü íàéäåíî â âèäå

ψ(x) =
C1√
p(x)

exp
[ i
~

∫
p(x)dx

]
+

C2√
p(x)

exp
[
− i

~

∫
p(x)dx

]
,

12.2. Èñïîëüçóÿ ïðàâèëî êâàíòîâàíèÿ Áîðà-Çîììåðôåëüäà âû÷èñëèòü óðîâíè ýíåð-
ãèè ãàðìîíè÷åñêîãî îñöèëëÿòîðà U(x) = mω2x2/2.

Çàìå÷àíèå: Ïðàâèëî êâàíòîâàíèÿ Áîðà-Çîììåðôåëüäà
b∫
a
p(x)dx = π~

(
n + 1/2

)
, äëÿ óðîâíåé

ýíåðãèè En, ãäå p(x) =
√

2m
[
En − U(x)

]
� êâàçèêëàññè÷åñêèé èìïóëüñ, a è b � òî÷êè ïîâîðîòà,

U(a) = U(b) = En.

12.3. Äëÿ ÷àñòèö ñ ýíåðãèåé 0 < E < U0 îöåíèòü â êâàçèêëàññè÷åñêîì ïðèáëèæå-
íèè êîýôôèöèåíò ïðîçðà÷íîñòè áàðüåðà

U(x) =

{
0, x < 0,

U0(1− x/a), x > 0.

Çàìå÷àíèå: Êîýôôèöèåíò ïðîçðà÷íîñòè T (E) äëÿ ÷àñòèö ñ ýíåðãèåé E â êâàçèêëàññè÷åñêîì

ïðèáëèæåíèè ìîæåò áûòü îöåíåí ñëåäóþùèì îáðàçîì, T (E) ≈ exp
[
− 2

~

b∫
a
|p(x)|dx

]
. Çäåñü a è b

� òî÷êè ïîâîðîòà.

Äîìàøíåå çàäàíèå 12.

12.5. Äëÿ ÷àñòèöû, íàõîäÿùåéñÿ â ïîòåíöèàëå U(x) = U0

∣∣x/a∣∣ > 0, îïðåäåëèòü
óðîâíè ýíåðãèè ñâÿçàííûõ ñîñòîÿíèé. (3á )

12.6. Ïðè ýíåðãèè ÷àñòèöû 0 < E < U0 îöåíèòü â êâàçèêëàññè÷åñêîì ïðèáëèæåíèè
êîýôôèöèåíò ïðîçðà÷íîñòè áàðüåðà

(a) U(x) =

{
0, |x| > a,

U0(1− x2/a2), |x| < a;
(3á )

(b) U(x) =

{
0, x < 0,

U0 exp(−x/a), x > 0.
(4á )
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13. Ñïèí. Ìàòðèöû Ïàóëè

Áóäåì ðàññìàòðèâàòü ÷àñòèöó, îáëàäàþùóþ ñïèíîì 1/2, íàïðèìåð, ýëåêòðîí. Òî-
ãäà îïåðàòîð ñïèíà ýòîé ÷àñòèöû èìååò âèä ~̂s = ~̂σ/2, ãäå ~̂σ = (σ̂x, σ̂y, σ̂z) � ìàò-
ðèöû Ïàóëè,

σ̂0 = 1̂ =

(
1 0
0 1

)
, σ̂x =

(
0 1
1 0

)
, σ̂y =

(
0 −i
i 0

)
, σ̂z =

(
1 0
0 −1

)
.

13.1. Âû÷èñëèòü ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå ÷èñëà îïåðàòîðîâ ŝx, ŝy è ŝz
ïðîåêöèé ñïèíà.

13.2. Îïðåäåëèòü âèä îïåðàòîðà ïðîåêöèè ñïèíà ŝn íà íàïðàâëåíèå, çàäàâàåìîå
ïðîèçâîëüíûì åäèíè÷íûì âåêòîðîì ~n = (cosϕ sin θ, sinϕ sin θ, cos θ). Äëÿ ñî-
ñòîÿíèÿ ñ îïðåäåëåííûì çíà÷åíèåì ïðîåêöèè ñïèíà sz = 1/2 îïðåäåëèòü
ñðåäíåå çíà÷åíèå s̄n.

13.3. Ïîêàçàòü, ÷òî ïðîèçâîëüíóþ ìàòðèöó 2 × 2 ìîæíî ðàçëîæèòü â ëèíåéíóþ
êîìáèíàöèþ ìàòðèö Ïàóëè

Â = a0σ̂0 + axσ̂x + ayσ̂y + azσ̂z, ãäå aγ = Tr(σ̂γÂ)/2, γ = 0, x, y, z.

Çäåñü TrB̂ = Tr

(
B11 B12

B21 B22

)
= B11 +B22 � ñëåä ìàòðèöû B̂.

Äîìàøíåå çàäàíèå 13.

13.1. Ïóñòü ~n = (cosϕ sin θ, sinϕ sin θ, cos θ) � ïðîèçâîëüíûé åäèíè÷íûé âåêòîð.

(a) Îïðåäåëèòü ñîáñòâåííûå ÷èñëà è ñîáñòâåííûå ôóíêöèè îïåðàòîðà ïðî-
åêöèè ñïèíà ŝn íà íàïðàâëåíèå ~n. (2á )

(b) Äëÿ ñîñòîÿíèÿ ñ îïðåäåëåííûì çíà÷åíèåì ïðîåêöèè ñïèíà sn = 1/2 îïðå-
äåëèòü âåðîÿòíîñòü èçìåðåíèÿ sz = ±1/2 íà îñü z. (2á )

(c) Âû÷èñëèòü îïåðàòîð R̂~n = exp(i~n~̂σ/2). (4á )

13.2. Âû÷èñëèòü êîììóòàòîð [ŝkx, ŝ
m
y ], ãäå k è m � íàòóðàëüíûå ÷èñëà. (2á )
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